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1 Introduction

Algebraic hyperstructures represent a natural generalization of classical algebraic structures
and they were introduced by Marty [9] in 1934 at the eighth Congress of Scandinavian Mathe-
maticians. Where he generalized the notion of a group to that of a hypergroup. A hypergroup is a
non-empty set equipped with an associative hyperoperation and reproductive hyperoperation. In a
group, the composition of two elements is an element whereas in a hypergroup, the composition of
two elements is a non-empty set. Since then, many different kinds of hyperstructures (hyperring,
hypermodule, hypervector space, ...) were widely studied from the theoretical point of view and for
their applications to many subjects of pure and applied mathematics (see [3 [4], 5, [6] 11, [16] [17]).
There exist different kinds of hyperrings. A special case of this type is the hyperring introduced
by Krasner [§]. Also, Krasner introduced a new class of hyperrings and hyperfields: the quotient
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hyperrings and hyperfields. For more details about Krasner hyperrings we refer to [6, 8, [12]. Tallini
in [I4], 15] introduced the notion of hyper vector spaces over fields and studied basic properties
of them. On the other hand, Vougiouklis [18] introduced weak hyper vector spaces, namely H,-
vector spaces. Later Ameri et al. in [I] studied the properties of dimension of hypervector spaces
over fields and introduced the notions of linearly independent (respectively linearly dependent),
generator and basis of a hypervector space.

The remainder part of this paper is organized as follows: In Section 2, we present some defini-
tions related to hyperstructures that are used throughout the paper. In Section 3 we define hyper
vector spaces over Krasner hyperfields and introduce some definitions like linearly independence,
basis, .... Moreover, we investigate some properties of such spaces and prove that hyper vector
spaces have similar properties to that of vector spaces. In Section 4, we define linear transforma-
tions between hyper vector spaces and introduce some definitions like the kernel, range, . ... Also,
we prove the Dimension theorem for linear transformations over hyper vector spaces.

2 Basic definitions

In this section, we present some definitions related to hyperstructures that are used throughout
the paper (see [9] [0]).

Let H be a non-empty set. Then, a mapping o : H x H — P*(H) is called a binary hyperoper-
ation on H, where P*(H) is the family of all non-empty subsets of H. The couple (H, o) is called
a hypergroupoid. In this definition, if A and B are two non-empty subsets of H and xz € H, then
we define Ao B ={J,cppep@ob, oA ={z}oAand Aox = Ao{z}. A hypergroupoid (H,o0) is
called: a semihypergroup if for every x,y,z € H, we have zo(yoz) = (xoy)oz; a quasihypergroup if
for every x € H, z0o H = H = H ox (this condition is called the reproduction axiom); a hypergroup
if it is a semihypergroup and a quasihypergroup. A Krasner hyperring is an algebraic structure
(R,+,-) which satisfies the following axiom: (1) (R,+) is a commutative hypergroup; (2) there
exists 0 € R such that 0+« = {z} for all z € R; (3) for every z € R there exists unique 2/ € R
such that 0 € x 4+ 2/; (2’ is denoted by —x); (4) z € = + y implies that y € —z + z and x € z — y;
(5) (R,-) is a semigroup having zero as a bilaterally absorbing element, i.e., x -0 =0-2 = 0; (6)
the multiplication “” is distributive with respect to the hyperoperation “4”. Note that every ring
is a Krasner hyperring. Different examples of Krasner hyperrings were constructed. We refer to
[2,5]. Let (R,+,-) be a Krasner hyperring and A be a non-empty subset of R. Then A is said to
be a subhyperring of R if (A,+, ) is itself a hyperring. A subhyperring A of a Krasner hyperring
(R,+,-) is a hyperideal of Rifr-a € A (a-r € A) for all a € A,r € R. A commutative Krasner
hyperring (R, +,-) with identity element “1” is a Krasner hyperfield if (R \ {0},-) is a group.

3 Dimension of hyper vector spaces

In [I], Ameri et al. defined hyper vector spaces as an abelian group over a field and investigated
their properties. In this section, we present a different definition for hyper vector spaces over
Krasner hyperfields, study their properties and present an example applying the new defined
notions.

Definition 3.1. Let F' be a Krasner hyperfield. A canonical hypergroup (V,+) together with a map
-t FxV =V, is called a hyper vector space over F' if for all a,b € F and x,y € V, the following
conditions hold: (1) a-(v+y)=a-z+a-y; (2) (a+b)-z=a-z+b-z; (3)a-(b-x)=(ab)-z;
(4) a-(—z)=(=a) -z =—(a-x); (5)x=1- =
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Definition 3.2. Let F' be a Krasner hyperfield. A canonical hypergroup (V,+) together with a
map - : F xV =V, is called a weak hyper vector space over F if for all a,b € F and x,y € V,
the following conditions hold: (1) a-(x+y) Ca-z4+a-y; (2) (a+b)- 2 Ca-z+b-x; (3)
a-(b-x)=(ab)-z; (4)a-(—x)=(—a) - z=—(a-x); (5)z=1-=x.

Example 3.3. Let F' be a Krasner hyperfield and X be the set of all n-tuples with entries from F.
Then, (1) F is trivially a hyper vector space over itself; (2) X is a weak hypervector space over F.

Next, we present a (non trivial) example of a hyper vector space.

Example 3.4. Let (F,+,-) be a Krasner hyperfield, E be a non-empty set and F¥ be the set
of all functions from E to F. Then (F¥ @) is a hyper vector space over F. Where “®” and
x: Fx FE — FF are defined as follows: For all f,g € FF k,x € F,

(f@9)(x) = f(z) +g(x) and (k* f)(x) = k- f(z).

Throughout this section, F' is a Krasner hyperfield, V is a hyper vector space over F,“0” is the
zero of F' and “0” is the zero of V.

Definition 3.5. Let F' be a Krasner hyperfield and (V,+) be a (weak) hyper vector space over F'.
A non-empty subset W C V' is called subhyperspace of V if for all z,y € W and a € F, we have
(1) —yCW; (2)a-xeW.

Proposition 3.6. Let F' be a Krasner hyperfield and (V,4) be a hyper vector space over F. If
a € F and x €V then

(1) =0=0;
(2) —(-a) = a;
(3) a-0=0;
(4 0-2=0

Proof. et z €V and a € F.

Proof of 1. Having that —0 = —0+ 0 and 0 € —0 + 0 implies that —0 = 0.

Proof of 2. The proof follows from having 0 € —a + a for all a € F'.

Proof of 3. Since —0 = 0, it follows that -0 =a-(—-0) = —a-0. Having0 €a-0—a-0=
a-(0—0)={a-0} implies that a-0 = 0.

e Proof of 4. Having0 € 0-2 —0-2 = (0—0) -z = {0 -z} implies that 0 -z = 0. O

Proposition 3.7. Let F' be a Krasner hyperfield and (V,4+) be a hyper vector space over F. A
non-empty subset W C V is subhyperspace of V if and only ifa-xz+b-y CW for all x,y € W
and a,b € F.

Proof. Suppose that W is a subhyperspace of V. Then a-x € W and —b-y = (=b) -y € W for all
a,be F. Thus,a-z+b-y=a-z—(-b-y) CW.

Conversely, suppose that a-x+b-y C W. By setting b = 0, we get that {a-z} =a-24+0-y CW
and by setting a = 1,b = —1, we get that  —y C W. Thus, W is a subhyperspace of V. ]
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Definition 3.8. A subset S = {v1,ve,-- ,v,} of a hypervector space V over a Krasner hyperfield
F is called linearly independent if c1,co,++ ,¢n € F and 0 € ¢1 -v1 +co-v9+ -+ ¢y - vy then
c1r=cy=---=c,=0. A subset S of V is called linearly dependent if it is not linearly independent.

Remark 3.9. Let S = {v1,v2, -+ ,v,} be a subset of a hypervector space V' over a Krasner
hyperfield F. Then, by Proposition [3.0; 4., 0 € ¢1-v1 4+ ¢2 - va + -+ + ¢p - Uy has at least one
solution; ¢y = --- =c¢, = 0.

Definition 3.10. Let S = {v1,ve, -+ ,v,} be a subset of a hyper vector space V' over a Krasner
hyperfield F and v € V. v is said to be a linear combination of S (or v € span(S)) if there exist
€1,Co,+ ,Cn € F such thatv €cy-vi+co v+ -+ cp-Un.

In what follows and for simplicity, we write az instead of a -« for all a € F and x € V.

Proposition 3.11. Let S = {v1,va,--- ,vn} be a subset of a hyper vector space V' over a Krasner
hyperfield F'. Then S is linearly dependent if and only if one of its vectors is a linear combination
of the others.

Proof. Suppose that S = {vj, v, ,v,} is linearly dependent. Then there exist ¢1,--- ,¢, € F
such that 0 € civ1 + -+ 4 ¢hv, and at least one ¢; # 0. We get now, by Proposition that

0=c;t-0€divr+ - di—1vi—1 +v; + dig1vig1 + - + dpvy,

where d; = cz-_lcj for all j = 1,---,n. The latter implies that there exists x € dijv; +
cedim1vi—1 + diy1vig1 + -+ + dpvy, such that 0 € x + v;. Having v; € —x 4+ 0 = {—z} im-
plies that v; € —djv1 + - -+ — dj—1v;—1 — dj41Vi41 + - -+ — dpvp.

Conversely, without loss of generality, suppose that v, € ¢1 - v1 + -+ + ¢r—1 - Un—1. We have
that 0 € v, — v, C c1v1 + -+ + ¢p_1Vp—1 + (—1)v,. Thus, S is linearly dependent. O

Proposition 3.12. Let V be a hyper vector space over a Krasner hyperfield F'. Then

(1) a set with two vectors is linearly dependent if and only if one of them is a scalar multiple of
the other

(2) a set containing 0 is linearly dependent;
(3) a set with one vector (that is not the zero vector) is linearly independent.
Proof. The proof of 1. follows from Proposition |3.11
e Proof of 2. This is clear by using Proposition [3.6] as 0 = 10.

e Proof of 3. Let S = {2} # {0} andc € F. If0 € cx and ¢ # 0 then 0 = ¢ 10 = ¢ (cx) =
T. U

Definition 3.13. A subset S = {v1,va,--- ,vn} of a hyper vector space V' over a Krasner hyperfield
F is said to span V' if for every vector v € V, there exist ci,ca,-+ ,¢cn € F such that v €
Cl V1 +C Va4 -+ Cp- Uy

Definition 3.14. A subset S = {v1,va, -+ ,v,} of a hyper vector space V' over a Krasner hyperfield
F is said to basis for V if it is linearly independent and it spans V. We say that V is finite
dimensional if it has a finite basis. Otherwise, it is called infinite dimensional.
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Proposition 3.15. Let V' be a hyper vector space over a Krasner hyperfield F and S = {vy,va, -+ ,v,}
be a basis for V.. Then every vector v € V' is uniquely represented as linear combination of vectors

mn S.

Proof. Suppose that there exist ¢;,d; € F such that v € cijv14+---+cpv, and v € dyv1+- - -+ dpUn.
Then 0 € v—v C (¢1 —dy)vy ++ - -+ (¢n — dp)vyn. The latter implies that there exist ¢; € ¢; —d; such
that 0 € tyv1 +- - - +1t,vy,. Since S is linearly independent, it follows that t; =0 foralli =1,--- ,n.
We get now that 0 € ¢; — d; for all i = 1,--- ;n. Having (V,+) a canonical hypergroup implies
that ¢; =d; forallt=1,--- ,n. O

Theorem 3.16. Plus/Minus Theorem. Let S be a non empty subset of a hyper vector space
V over a Krasner hyperfield F.

(1) If S is linearly independent and v € V' is not in span of S then SU{v} is linearly independent;

(2) If there exist a vector v € S such that v is linear combination of other vectors in S then
S —{v} and S span the same space.

Proof. Let S ={v1, -+ ,v,}.

e Proof of 1. Let 0 € cjv; + -+ ¢cpvn + cpt1v. Then ¢,11 = 0, otherwise v € span(9).
The latter implies that 0 € civ1 + - - cyv,. The linearly independence of S asserts that
Cl = e e . — CTL = 0_

e Proof of 2. Let w € span(S). Then there exist dy, - -+ ,d, € F such that w € dyvy + - - - dpv,.
Without loss of generality, let v,, be a linear combination of other vectors in S. Then there
exist ¢1,-+ ,cp_1 € F such that w € dyvy + -+ + dp_1vp—1 + dp(c1v1 + - Cp_1vp_1) =
(di + c1dp)vy + -+ + (dp—1 + cn—1dp)vn—1. The latter implies that w € span(S — {v,}). O

Proposition 3.17. Let V' be a hyper vector space over a Krasner hyperfield F', n € N and W; be
a subhyperspace of V fori=1,....,n. Then

(1) {0} and V' are subhyperspaces of V;
(2) WhNWsy is a subhyperspace of V;

3) Wi+ Wy={z+y:xec W,y W} is a subhyperspace of V;
(4) N W; is a subhyperspace of V;
i=1
(5) > W; is a subhyperspace of V.
i=1
Proof. The proof is straightforward. O

Example 3.18. Let F, = {0,1} and define (Fy,+) and (Fs,-) by the following tables:

+ 101 -1 0] 1
0 0|1 0] 0] 0
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Define the map ® : Fy x F§ — F3 as:
a@(:p,y,z)Z(a-:L‘,a-y,a-z)

for all a,z,y,z € Fy.
It is clear that F3 is a weak hyper vector space over the Krasner hyperfield Fy. Define the
subhyperspaces Wy, Wa as

Wy = {(0,0,0),(0,1,0)} and Ws = {(0,0,0), (1,0,0), (0,0,1), (1,0,1)}.

One can easily see that W1 U Wo = {(0,0,0), (0,1,0),(1,0,0),(0,0,1),(1,0,1)} is not a subhyper-
space of F3.

Proposition 3.19. Let V be a (weak) hyper vector space over a Krasner hyperfield F' and Wy, Wo
be subhyperspaces of V.. Then W1 U Wy is a subhyperspace of V if and only if Wi C Wy or
Wy C Wh.

Proof. If Wy C Ws or Wy C W7 then it is clear that W7 U W5 is a subhyperspaces of V.

Let W1 U W5 be a subhyperspaces of V. Suppose that W Q Wy and Wy Q W1. Then there are
z,y € V such that x € Wi, y € Ws, x is not in Wy and y not in W;. Having x +y C Wy U Wy
implies that for all z € x + y we have z € W7 UW,. Without loss of generality, let z € W;. Having
z € x + y implies that y € z —xz C W;. The latter implies contradiction. O

Definition 3.20. Let V be a hyper vector space over a Krasner hyperfield F and S C V. We
define L(S) as follows:

L(S): {tGVZtE ;aisi,aieF,siES,nEN}.

Proposition 3.21. Let V be a hyper vector space over a Krasner hyperfield F and S C V. Then
L(S) is the smallest subhyperspace of V' containing S.

Proof. Having s =1-s € L(S) for all s € S implies that S C L(S5).
Let z,y € L(S) and a,b € F. Since c0 =0 and 0+ x = z for all ¢ € F,z € V then we can write
ax + by as follows:

n

m max(m,n)
ar+by=a) a;s;+bd bisi= >, (aa;+0bb;)s; C L(S).
i=1 i=1 i=1

Thus, L(S) is a subhyperspace of V. Let W be a subhyperspace of V' containing S. Then
> aisi CW forall s; € SCW and a; € F. Thus, L(S) CW. O

i=1

Proposition 3.22. Let V be a hyper vector space over a Krasner hyperfield F' and W1, Ws be
subhyperspaces of V.. Then L(W1 U Ws) = Wy + Ws.

Proof. Let x € W1 UWs. Then x € Wi or x € Wy, Writing « as ¢ = x4+ 0 or x = 0 + x implies
that W1 U Wy C Wi + Ws. Propositions and assert that L(W; UWy) C Wy + Wy, For
every z € Wi + W, z € x + y for some x € Wi,y € Wsy. The latter implies that x,y € W1 U Wa.
We get now that = +y C L(W; UWs). Thus, Wy + Wy C L(W; U Wa). O

Proposition 3.23. Let W be a non trivial subhyperspace of V and S be a spanning set for W.
Then S contains a linearly independent set that spans W.
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Proof. Let S = {vy,---,v,} € W. Since every non zero vector in V is linearly independent and
S spans W # {0}, it follows that S contains a linearly independent subset S" = {vy,--- v }. If §
is linearly independent, we are done. If not, remove the first v; such that v; € span(S). Using
Plus/Minus Theorem, we get that S and S — {v;} span W. If S — {v;} is linearly independent, we
are done. If not, remove the first v, such that v, € span(S — {v;}). Continuing on this pattern,
we get the required result. O

Corollary 3.24. Let W be a subhyperspace of V and S be a spanning set for W. Then S contains
a basis for W.

Proof. Proposition [3.23| asserts that there exist a linearly independent subset of S that spans W.
Thus, S contains a basis for W. O

Theorem 3.25. Let V be a hyper vector space of dimension n. Then every linearly independent
subset of V' contains at most n elements.

Proof. The proof is similar to that of Theorem 3.2 in [I]. O

Corollary 3.26. Let B, B’ be two basis for a finite dimensional hyper vector space V. Then
|B| = |Bl.

Proof. Since B is a basis for V and B’ is linearly independent subset of V', it follows by using
Theorem that |B’| < |B].
Since B’ is a basis for V and B is linearly independent subset of V', it follows by using Theorem

that |B| < |B/|. O

Lemma 3.27. Let V be a finite dimensional hyper vector space. Then every linearly independent
subset S of V is contained in a finite basis of V.

Proof. Let dim(V) = n and |S| = k. Theorem asserts that &k < n. If k = n then S is
a basis for V. Otherwise if S is not a basis of V then there exist vy € V such that v; is not
in span(S). Thus, by Plus/Minus Theorem, S U {v;} is linearly independent set. The latter
contradicts Theorem If k < n, then there exists v; € V such that v; is not in span(S). By
Plus/Minus Theorem, we get that S U {v;} is linearly independent. Again if |S U {v1}| = n then
S U{v1} is a basis for V. Otherwise, |SU{v1}| =k + 1 < n and there exist vo € V such that vo
is not in span(S U {v;}). Thus, by Plus/Minus Theorem, S U {v1, v} is linearly independent set.

Continuing on this pattern, we get that S U {vi,---,v,_x} is a linearly independent set. Since
[SU{vi, - ,op—k}| = n = dim(V), it follows that S U {v1, -+ ,v,_x} is a basis for V' containing
S. O

Lemma 3.28. Let V be a finite dimensional hyper vector space and W be a subhyperspace of V.
Then dimension of W < dimension of V.

Proof. Let dim(W') = k. Then there exists a basis S for W such that |S| = k. Having S a linearly
independent set in V' implies, by Theorem that k < dim(V). O

Let V' be a hyper vector space over F' and W be a subhyperspace of V. Define V/W = {v+W :
v € V with the hyperoperation: (z+W)&® (y+W) = (z+y)+ W, and define x : F xV/W — V/W
as follows: ax (x + W) =a-x+ W.

Proposition 3.29. V/W is a hyper vector space over F.
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Lemma 3.30. Let V be a finite dimensional hyper vector space and W be a subhyperspace of V.
Then dimension of V/W = dimension of V- dimension of W.

Proof. Let S = {wy,--- ,wi} be a basis for W and dim(V) = n. Then, by Lemma S

is contained in a basis B = {wi, - ,wk, Vkt1,- -+ ,vn} for V. If & € V/W then there exists
v € V such that + = v+ W. Having B a basis for V and v € V implies that there exist
c1, -+ ,¢n such that z =v4+W € (qqwy + -+ 4+ cpwg + Cpr1Vpr1 + -+ cpvn) + W = (ckr1vks1) +

W+ -+ (cpvn + W) = cpg1 * (Vg41 + W) + -+ + ¢ * (vy + W). The latter implies that
{vkp1+W, -+ ,v,+W} spans V/W. To prove that {vg41+W, -+ ,v,+W} is linearly independent,
let 04+ W € i1 *x (Vpp1 + W)+ -+ cnx (v + W) = (Cgt1Vk+1 + - - + cuvpn) + W. Then there

exists z € W with z € cx41vk4+1 + - - -+ crvn. Having z € W implies that there exist dy,--- ,dy € F
such that z € dywy +- - -+ dpwg. Weget now 0 € z—2 C dywy +- - -+ dpwg — Cpy 1V 41—+ - — CnUn.
Since B is linearly independent, it follows that dy =---=dy =cx41=---=¢, =0. O

Next, we present an example on a finite dimensional hyper vector space.

Example 3.31. Let E = {a,b}, K = {0,1,2} and define (K,+) and (K,-) by the following tables:

+ 10| 1|2 01| 2
0 01| 2 0] 0010
1 111K 1701 2
2 2 | K| 2 110 2] 2

Define 0, f,g: E — K as follows:

One can easily see the following:
(1) K is a Krasner hyperfield,
(2) K* ={0, f,9,2f, f +9,2f +9.29, f +29,2f + 29},
(3) B =1{f g} is a basis for KF,

(4) W1 = {{0, f,2f}, Wo = {{0, 9,29} are non-trivial subhyperspaces of K¥ of dimension 1.

4 Linear transformations

In this section, we define linear transformations between hyper vector spaces and investigate
their properties. Moreover, we prove the Dimension theorem for linear transformations over hyper
vector spaces.

Throughout this section, F' is a Krasner hyperfield, U, V are hyper vector spaces, and we denote
by “0” the zero of F, by “0” the zero of U and by “0” the zero of V.

Definition 4.1. Let U,V be two hyper vector spaces over a Krasner hyperfield F and T : U — V.
Then T is a linear transformation if for all x,y € U and a € F: (1) T(x +y) =T(x) + T(y); (2)
T(ax) = aT(z).
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Proposition 4.2. Let U,V be two hyper vector spaces over a Krasner hyperfield I andT : U — V.
Then T is a linear transformation if and only if T'(ax + by) = aT'(z) + T (y) for all x,y € U and
a,beF:

Proof. The proof is straightforward. O

Proposition 4.3. Let T : U — V be a linear transformation. Then for all x € U:

Proof. Let x € U and y € V. Then, by Proposition 0z = 0 and Oy = 0.
e Proof of 1. T(0) = T(0z) = 0T (x) = 0.

e Proof of 2. Since 0 € x — x, it follows that T'(0) € T'(z — ) = T(—x) + T(z). Using 1., we
get that 0 € T(—x) + T(z). Thus, T(—z) = —T(z). O

Example 4.4. Let U,V be two hyper vector spaces over a Krasner hyperfield F'. Then the following
are linear transformations: (1) (Zero transformation) T : U — V defined by T'(z) = 0 for allx € U;
(2) (Inclusion map) T : U — V defined by T(x) = x for all x € U. Here, U is a subhyperspace
of V; (3) T : U — V defined by T(x) = kx for all z € U and a fized k € F. Here, U is a
subhyperspace of V.

Definition 4.5. Let T : U — V be a linear transformation. Then
(1) the kernel of T is defined as: ker(T) ={x € U : T(xz) = 0};
(2) the range of T is defined as: R(T) ={T(x):x € U}.

Example 4.6. Let T : V. — V/W defined by T(x) = x + W. Then T is an onto linear transfor-
mation with W as its kernel.

Let T : U — V be any transformation. Then, T" is one-to-one (1-1) if: T'(z) = T'(y) implies
x =y; T is onto if R(T) =V; T is an isomorphism if T is linear, one to one and onto.

Proposition 4.7. Let T : U — V be a linear transformation. Then T is one to one if and only if
ker(T) = {0}.

Proof. Suppose that T is one to one and let € ker(T). Using Proposition we get that
T(xz) =T(0) = 0. Having T one to one implies that = = 0.

For the converse, suppose that ker(T) = {0} and let z,y € U such that T'(z) = T'(y). Then
0€T(x)—T(y) = T(x —y). The latter implies that there exists z € x — y such that T'(z) = 0.
But ker(T) = {0}, then z = 0. Since 0 € = — v, it follows that z = y. O

Proposition 4.8. Let T : U — V be a linear transformation. Then:
(1) ker(T) is a subhyperspace of U;
(2) R(T) is a subhyperspace of V.

Proof. Suppose that a,b € F.
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e Proof of 1. Let z,y € ker(T). Then T(ax + by) = aT(z) + bT(y) = a0 + b0 = 0. Thus,
ax + by C ker(T).

e Proof of 2. Let v1,v3 € R(T). Then there exist 2,y € U such that T(x) = v1,T(y) = ve.
Since T is a linear transformation, it follows that avy + bve = aT'(z) + bT'(y) = T'(ax + by).
The latter implies that for every v € avy + b, there exist z € ax + by such that T'(z) = v.
Thus, avy 4+ bve C R(T). O

Proposition 4.9. Let T : U — V be a linear transformation and X, W be subhyperspaces of U,V
respectively. Then

(1) T(X)={T(x) : . € U} is a subhyperspace of V;
(2) T7*(W) ={x € U:T(x) € W} is a subhyperspace of U.
Proof. Let a,b € F.

e Proof of 1. Let T'(x),T(y) € T(X) for some z,y € X. Then aT'(x) 4+ bT(y) = T(azx + by).
Since X is a subhyperspace of U, it follows that az +by C X. Thus, aT'(z) + 0T (y) C T(X).

e Proof of 2. Let x,y € T~1(W). The there exist v,w € W such that T(z) = v,T(y) = w.
Since av+bw C W, it follows that T'(az +by) = av+bw C W. Thus, ax+by C T-H(W). O

Proposition 4.10. Let T : U — V,J : V. — W be linear transformations. Then the composition
of J and T, JoT is a linear transformation. Moreover, if J,T are one to one then J oT is one
to one.

Proof. The proof is straightforward. O
Proposition 4.11. Let T : U — V be an isomorphism. Then T~ is an isomorphism.
Proof. The proof is straightforward. O

Proposition 4.12. Let T : U — V be a one to one linear transformation and S C U be a linearly
independent subset of U. Then T(S) is a linearly independent subset of V.

Proof. Let S = {uy,--- ,u,} be a linearly independent subset of U. Suppose that 0 € ¢1T(u1) +
-+ ++c,T(up). Then 0 € T(ciuy+- - -+cpuy). The latter implies that there exist z € ciui+- - - +cpuy,
such that T'(z) = 0. Having T one to one implies that z = 0. We get now that 0 € ciuq+- - -+cpty,.
The independency of S implies that ¢; =--- = ¢, = 0. O

Theorem 4.13. Dimension Theorem. Let U be a finite dimensional hyper vector space and
T:U — V be a linear transformation. Then

dim(ker(T)) + dim(R(T)) = dim(U).

Proof. Let B = {uy,--- ,u,} be a basis for U. Since ker(T) is a subhyperspace of U, it follows
that dim(ker(T)) = k < n. We consider the following cases:

Case k = 0. Since ker(T) = {0} and B is a basis for U, it follows by Proposition that
T(B) = {T(u1), - ,T(uy)} € R(T) is linearly independent. Let w € R(T). Then there exists
u € U such that w = T'(u) C T'(ciuy + - - - + cpuy,) for some cq,- -+ , ¢, € F. The latter implies that
w e aT(u) + -+ T (up). Thus T(B) is a basis for R(T") and hence, dim(R(T)) = n.
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Case k = n. Since ker(T) has a basis S of n linearly independent elements, it follows that S is
a basis for U. Having T'(S) =0 and S a basis for U imply that T(U) = 0. Thus, dim(R(T)) = 0.

Case 0 < k <n. Let S = {s1, -+ .s} be a basis for ker(T). By Lemma [3.27, S is contained in
a basis B’ for U. Let B’ = {s1,-+ .8k, Wk+1, - ,wyp} and v € U. Then there exist ¢y, ,¢, € F
such that v € ¢1814 - -+ sSp+Crr1Wrr1+- - - +cpwy. Having T a linear transformation implies that
T(v) € T(c1s1++ -+ cpsk+ Chprwpr1+- - +epwy) = 104+ -+ cx04 o1 T (wgt1) +- - -+ e T (wy).
We get that T'(v) € cp1T (wpt1) + - - + T (wy,). Thus, {T(wg+1),- -+, T(wy)} spans R(T). To
prove that {T(wyy1), -, T (wy)} is linearly independent, let 0 € c1T(wgy1) + -+ + T (wy).
Then 0 € T'(ciwgy1+ -+ ch_pwy). The latter implies that there exists u € ciwgy1+ -+ Ch_pwn

for some c1, -+, ¢,k € F such that T'(u) = 0. We get now that u € ker(T). The latter implies u €
di1s1+- - -+dgsy for some dy,--- ,di € F. Since 0 € u—u C dy1$1+- - -+dpsp—ClwWp1—+ - - — Cpn—kWn
and having B’ a basis for U, it follows that ¢; = -+ = ¢,_p = —dy = --- = —dp = 0. Thus,
dim(R(T)) =n — k. O

5 Conclusion

In this paper, we dealt with hyper vector spaces over Krasner hyperfields and linear transfor-
mations over them. We studied their properties, presented some results that are similar to that of
vector spaces.

For future work, it will be interesting to introduce a norm over hyper vector spaces and study
normed hyper vector spaces.
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